In the paper, a classical computer algebra problem-symbolic solution of differential equationsis considered. Particularly, widely used Darboux theorems on transformation of hyperbolic operators in the plane are extended to the space of invariants by means of differential substitutions. X and Y invariants for such operators are introduced as solutions of some equations written in terms of the Laplace invariants of operator L with respect to gauge transformations. Explicit formulas of transformations of sets of X and Y invariants under the Darboux transformations are obtained.
INTRODUCTION
The theory of Darboux transformations for linear second order hyperbolic equations in the plane is a classic of symbolic algorithms and has many applica tions in symbolic solution of classical differential geometry problems [2, 6] , theory of integrable systems [15, 20] , and studies of Darboux integrable nonlinear equations [1, 7, 8, 17] . Numerous generalizations of the classical Darboux theory have been obtained both for hyperbolic (for systems of equations in the plane [12, 18, 19, 21] and equations with more than two independent variables [4, 5, 13] ) and non hyperbolic problems [9] [10] [11] 22] . In this paper, we return to the second order hyperbolic operators (1) which are classical operators in the Darboux theory. Let u = u(x, y), L(u) = 0, M be a linear partial differ ential operator, and v(x, y) = Mu. In the general case, such a v satisfies an overdetermined system of linear differential equations, and only under a special choice of M, we obtain only one new equation L 1 v = 0, where L 1 has the same form as L but different coefficients a 1 (x, y), c 1 (x, y), and b 1 ≡ b. In this case, we have a dif ferential transformation [22] of operator L into L 1 by means of M, and, for some operator M 1 , the following equality holds:
(2) which specifies the left least common multiple lLCM(L, M) in the ring K[D] = K[D x , D y ] of linear dif ferential operators in the plane.
It is known [3, Chapter VIII] that, in the case of general position, all operators M of this kind are described in terms of one or two particular solutions of equation L(z) = 0. Degenerate cases are also possible.
The latter include classical Laplace transformation, specification of which requires only knowledge of coefficients of operator (1) . Relation (2) for the "twisting operator" M was widely used in studies of integrable problems [14, 16] .
In this paper, we extend classical Darboux' results on transformations of hyperbolic operators in the plane to the space of invariants by means of differential substitutions. According to Darboux, any differential transformation can be represented as a sequence of simplest differential transformations, i.e., transforma tions where M is a first order operator containing dif ferentiation operators only with respect to one variable (we call them Darboux X and Y transformations). Since particular solutions z of equation L(z) = 0 are used for constructing differential transformations, we consider invariants R and Q (given by (6) ) of pairs (L, z) instead of generating invariants h and k of the operator L itself with respect to gauge transformations (see definition in Section 2), which are routinely con sidered. Functions Q and R can be constructed by z, and, vice versa, z can be constructed by given R and Q.
We show that each of the functions R or Q can be specified as a solution of some equation ( (7) and (8) Field K is assumed to be differentially closed; i.e., it contains solutions of (generally, nonlinear) differen tial equations with coefficients from K.
Let K* be a set of invertible elements from K. For L ∈ K[D] and each g ∈ K*, we consider a gauge transfor mation (3) Then, a differential-algebraic expression I of coeffi cients of operator L and their derivatives is called an invariant with respect to these gauge transformations if it is not changed under these transformations. The simplest examples of the invariants are coefficients of the operator symbol. A generating set of the invariants is a set of invariants such that any differential invariant can be expressed in terms of the invariants of this set and their derivatives.
X AND Y INVARIANTS It is known [3] that functions
(4) form a generating set of differential invariants for operators L of form (1) with respect to the gauge trans formations (3) . The corresponding transformation of kernels Ker(L) Ker(L') is given by (5) Functions h and k are referred to as Laplace invariants.
In what follows, we consider gauge transformations of pairs (z, L), where z ∈ KerL. Lemma 3.1. Functions
are invariants for pairs (z, L), z ≠ 0, with respect to the gauge transformations. Proof. It is sufficient to write down transformation formulas for coefficients of operator L of form (1) and use (5) .
Functions R and Q possess a remarkable property: they satisfy equations written only in terms of h and k. Thus, equations do not contain z. Proposition 3.2. Let R = r ≠ 0 and Q = q ≠ 0 be obtained by formulas (6) from some z ∈ KerL, z ≠ 0. Then, the following relations hold:
where h and k are the Laplace invariants (4) of operator L. Proof. The equalities are checked by substitution. Definition 3.3. Solutions r and q of Eqs. (7) and (8) are referred to as X and Y invariants, respectively. Lemma 3.4. Each X (Y ) invariant r (q) is made to correspond to only one (up to multiplication by a con stant) z such that z ∈ KerL and r = -b -z x /z (q = -az y /z). That is, (9) where f(y) and g(x) are unique up to a constant. 1 Proof. Let r be an X invariant of some operator L of form (1) . Let z = f(y)
. Here, we do not intro duce a new variable for brevity. Thus, f(y) is a chosen "uncertainty" of integration with respect to x. Let us prove that f(y) can be selected such that z ∈ KerL.
Let 
) ,
The assertion for q (Y invariant of operator L) is proved similarly.
Thus, we proved the following important property of the X and Y invariants: the set of all R obtained from z ∈ KerL, z ≠ 0, coincides with the set of solu tions r of Eq. (7), i.e., with the set of X invariants (sim ilarly for Q, q, and Y invariant). That is, the X and Y invariants can be viewed as "projectization" of the space of solutions of L(z) = 0. Corollary 3.5 (relationship between the X and Y invariants). The X and Y invariants are in one to one correspondence. Such pairs of the X and Y invariants are referred to as "matching" invariants. They satisfy the relation (10) where h and k are the Laplace invariants (4) of opera tor L.
Proof. Let r be an X invariant. Then, by Lemma 3.4, there exists only one (up to multiplication by a con stant) z ∈ KerL such that r = -b -z x /z. By means of this z, we construct the Y invariant q = -a -z y /z. Note that q is not changed when z is multiplied by a con stant; hence, it is unique for a given r.
Cross differentiating equalities r = -b -z x /z and q = -a -z y /z, we obtain (10) .
The same relation is obtained if, by a given Y invari ant q, using Lemma 3.4, we construct z ∈ KerL such that q = -a -z y /z and, by z, construct X invariant r = -b -⎯ z x /z.
PROPERTIES OF X AND Y INVARIANTS Let
Ker X (L) = Ker X (h, k) (respectively, Ker Y (L) = Ker Y (h, k)) be a set of X (respectively, Y ) invariants of operator L with generating invariants (4) .
Let z ∈ KerL, z ≠ 0, and r and q be the correspond ing X and Y invariants. Then, according to Darboux [3] , for the operator (11) there exist uniquely determined operators M 1 and L 1 such that (2) holds. Similarly, for the operator there exist uniquely determined operators M 1 and L 1 such that (2) holds. Such differential transformations are called Darboux X and Y transformations, respec tively. These transformations produce R linear map ping of the kernel of L to the kernel of L 1 . It turned out that this mapping can be extended to the X and Y invariants as well, although this fact is not a priori evident. 
tively, q 0 ∈ Ker Y (L)) and L 1 be an operator obtained from operator L by the corresponding Darboux X (respectively, Y ) transformation. Then, Ker X (L)/{r 0 } Ker X (L 1 ) (respectively, Ker Y (L)/{q 0 } Ker Y (L 1 )) by the fol lowing formula: (12) Proof. Let us denote operator L by its coefficients: (1) . Let r 0 ∈ Ker X (L). Then, and we can express c in terms of r 0 , a, f(y), and b. Let us substitute M = D x + r 0 + b and expression for c into (2), with L 1 and M 1 being also expressed in terms of the coefficients:
Further in the proof, for brevity, we will omit dependence of the coefficients on independent vari ables and write, for example, a instead of a(x, y).
From the operator equality obtained, comparing the corresponding coefficients, we successively express a 1 , b 1 , c 1 , and m 100 . In particular, we obtain Let r ∈ Ker X (L)/{r 0 }. Then, and M(z) ∈ KerL 1 . Note that, for r = r 0 , we obtain M(z) = 0. Then, the X invariant of operator L 1 can be constructed by the formula (13) Simplifying this expression, we obtain (12) .
The assertion for the Y invariants is proved simi larly. Let L 1 be the result of the Darboux X transforma tion of the corresponding r 0 . In accordance with for mula (11), we have M = D x + r 0 = D x + x + y. The result of such a Darboux transformation-operator L 1 -is found from the operator equality (2):
Its Laplace invariants (4) are given by Let r be some other X invariant of operator L. In accordance with Theorem 4.1, r 1 obtained by the formula (15) is an X invariant of operator L 1 .
This can explicitly be verified. To this end, we check fulfillment of equality (7) for operator L 1 (i.e., upon substitution of r 1 , h 1 , and k 1 for r, h, and k, respectively). The left hand side of equality (7) is some algebraic-differential expression B depending on r, x, y, r x , r y , r xx , r xy , r xxy .
To simplify it, we take advantage of the fact that r is an X invariant of operator L; hence, equality (7) holds. We obtain (16) Further, we will use the following standard proce dure: from (16), we express r xy in terms of r, x, y, r x , and r y ; then, differentiating this equality with respect to x and substituting the expression for r xy , we obtain an expression for r xxy in terms of r, x, y, r x , r y , and r xx . Now, substituting the expressions obtained for r xy and r xxy into B, we find after simplification that B = 0. Proof. Let us denote operator L by its coefficients: (1) . Let @. Coefficient c can be expressed in terms of invariant h (4). Let us substitute M = D y + q 0 + a and the expression for c into (2), also expressing L 1 and M 1 in terms of the coefficients: y) . Further in the proof, for brevity, we will omit dependence of the coefficients on independent variables.
From the operator equality obtained, comparing the corresponding coefficients, we successively express a 1 , b 1 , c 1 , and m 100 . In particular, we obtain Let r ∈ Ker X (L), q be the Y invariant of operator L corresponding to r, and z be the corresponding ele ment of the kernel of L. Then, M(z) ∈ KerL 1 , and the X invariant of operator L 1 can be constructed by for mula (13) . The expression obtained cannot be easily simplified, like the expression for the X invariant in the proof of Theorem 4.1.
Let us take advantage of the fact that z ∈ KerL, express z xy in terms of the derivatives of z of lesser order, and substitute them into (17) . Let us express the first order derivatives of z in terms of z using the rela tionship between r and q,
and substitute them into (17) . The theorem is proved.
CONCLUSIONS
In this paper, we extended action of the Darboux transformations to the space of invariants. New con cepts of the X and Y invariants are introduced. These invariants possess quite interesting properties, which make us think that their subsequent study will help to understand many problems of symbolic solution of differential equations.
The effect of the classical Darboux transformations in the space of invariants remains unclear.
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